Diophantus probably knew, and Lagrange L] proved, that every positive integer can be written as a sum of four perfect squares. Jacobi J] proved the stronger result that the number of ways in which a positive integer can be so written 3 equals 8 times the sum of its divisors that are not multiples of 4. Here we give a short new proof that only uses high school algebra, and is completely from scratch. All in nite series and products that appear are to be taken in the entirely elementary sense of formal power series.
(Appeard in the Amer. Math. Monthly 100 (1993), 273-276) Diophantus probably knew, and Lagrange L] proved, that every positive integer can be written as a sum of four perfect squares. Jacobi J] proved the stronger result that the number of ways in which a positive integer can be so written 3 equals 8 times the sum of its divisors that are not multiples of 4. Here we give a short new proof that only uses high school algebra, and is completely from scratch. All in nite series and products that appear are to be taken in the entirely elementary sense of formal power series.
The problem of representing integers as sums of squares has drawn the attention of many great mathematicians, and we encourage the reader to look up Grosswald's G] Proof: Let L 1 (n) and L 2 (n) be the left sides of (a) and (b) respectively, and let F 1 (n; k), and F 2 (n; k) be the respective summands. Since both (a) and (b) obviously hold for n = 0, it su ces to prove that for every n 0, L 1 (n + 1) ? L 1 (n) = 0, and L 2 (n + 1) ? L 2 (n) = 2(?q) (n+1) 2 . To this end, we construct
(1 ? q n+1 ) 3 (1 ? q n+k+1 )(1 + q n+1 ) F 1 (n; k); G 2 (n; k) := (?q n+1 )(1 + q k ) 1 + q n+1 F 2 (n; k);
with the motive that F 1 (n+1; k)?F 1 (n; k) = G 1 (n; k)?G 1 (n; k ?1); F 2 (n+1; k)?F 2 (n; k) = G 2 (n; k)?G 2 (n; k ?1); (1 which immediately imply them, by telescoping, upon summing from k = ?n ? 1 to k = n + 1, and from k = 0 to k = n + 1 respectively. The two identities of (1) are purely routine, since dividing through by F 1 (n; k) and F 2 (n; k) respectively, lead to routinely-veri able high-schoolalgebra identities. Dividing both sides of (a) Combining (a') and (b'), yields, after changing q ! ?q, The coe cient of a typical term q n on the left of (2) is the number of ways of writing n as a sum of four squares. It remains to show that the coe cient of q n in the sum on the right of (2) The coe cient of q n above is a weighed sum of divisors r of n, where the coe cient of r is ?1 = +1 ? 2 if both r and n=r are even and +1 otherwise, so the coe cient of q n is X 
which also immediately implies Jacobi's theorem, by taking it \mod q n " for any desired n. Identity (3) makes it transparent that our proof only uses the potential in nity, not the ultimate one. The identities of the Lemma are examples of q-binomial coe cient identities, a.k.a terminating basic hypergeometric series identities. The proof of such identities is now completely routine WZ] Z]. The proof of the Lemma given here used the algorithm of Z]. Further applications of basic hypergeometric series to number theory can be found in A1]. An excellent modern reference to basic hypergeometric series is GR].
